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The results of the calculation of temperature by the finite-difference method can be verified and the value of
the remaining error can be estimated by the conjugate problem with a moderate expenditure of computer re-
sources.

Introduction. Using the conjugate equations we can calculate variation of an arbitrary functional of the physi-
cal field proceeding from local perturbations of the latter [1, 2]. In [3, 4], the conjugate equations are used to verify
calculation of a certain objective functional; in [6], this approach is applied to optimization of the computational grid.
In what follows, for the finite-difference solution we considered the approach based on estimation of the error by the
Taylor series in the Lagrangian form and the conjugate equations in continuous formulation. In contrast to the ap-
proaches of [3–5], it allows one not only to verify the solution but also to estimate the accuracy of the result.

Estimation of an Error of Finite-Difference Calculation. We consider the scheme of estimating the error of
calculation of temperature at the control point (and decrease of this error) by an example of the finite-difference solu-
tion of the one-dimensional equation of heat conduction
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The initial conditions are
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We consider the finite-difference algorithm of second-order accuracy over the time and coordinate; the algo-
rithm coincides with the integro-interpolation method [6] at the constant step of calculation along the coordinate and
the thermal conductivity:
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We expand the expressions in the vicinity of Tk
n using the Taylor series in the Lagrangian form, e.g., Tk+1

n  =

Tk
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 + 
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 (the parameters αk

n 2 (0, 1) are unknown). Thus, solving finite-difference equations

(4), we calculate, instead of (1), its differential approximation
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 + δT = 0 ,   δT = δTt + δTx . (5)

We determine the temperature error at a certain control point Test = T(test, xest) as a function of approximation
δT. We denote Test = T(test, xest) as ε(δT) and write as a functional

ε (δT) = ∫
Ω
∫ T (t, x) δ (t − test) δ (x − xest) dtdx . (6)

It is known that the most effective method of calculation of the gradient of the functional is based on use of
the conjugate equation [1, 2]. We apply this approach following [7]. The variation of the functional has the form

∆ε = ∆Test = ∫
Ω
∫ δTΨ (x, t) dtdx . (7)

Here Ψ is the conjugate temperature obtained from the solution of the following (conjugate) problem:
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The boundary conditions are
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The initial condition is

CρΨ (t, x) tf = 0 . (10)

This problem is solved in the opposite direction with respect to time. From the conjugate equations used in the inverse
problems of heat conduction it differs by the form of the source in (8). Usually, problem (8) is solved by the finite-
difference method; therefore, it also has a discretization error Ψ(x, t) = Ψexact (x, t) + ∆Ψ(x, t). Thus, the error of the
functional can be divided into two parts

∆ε = ∆Test = ∫
Ω
∫ δTΨexact (x, t) dtdx + ∫

Ω
∫ δT∆Ψ (x, t) dtdx (11)

and can be calculated by expanding finite differences into Taylor series. In this case, the uncertainty related to the last
term of the Taylor series and the second part of expression (11) remains.

Estimation of the Error of Approximation of the Spatial Derivative. We use the Taylor series in the La-
grangian form (βk

n 2 (0, 1) and γk
n 2 (0, 1) are unknown)
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Approximation of the second derivative can be written as
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Expression (7) takes on the form
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In the discrete form
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This expression can also be expanded into the Taylor series; in the first order we obtain
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The first part has the second order over h; it can be calculated and used to verify the functional
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a noncontrollable error is produced by the second part of (15) (the third order over h). We can obtain an upper esti-
mate of the second term of the functional error (assuming βk

n − γk
n = 1):
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Here we consider it as an upper estimate of the error of approximation of the spatial derivative
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Strictly speaking, we can retain a larger number of terms of the Taylor series; in the subsequent, second order
of accuracy the upper estimate Tx,2

sup has the form
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As a result, we can obtain the estimate of the error of the verified solution  T − ∆Tx
corr    − Texact  < ∆Tx

sup   + ∆Tx,2
 sup. How-

ever, the numerical experiments conducted show that the first-order estimate would suffice.
Estimation of the Error of Approximation of the Time Variable. A similar approach for the error of ap-

proximation of the time variable yields an eliminable error
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and the maximum estimate of an uneliminable error
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Variable Grid Meshes and Thermal Conductivity. Variability of the spatial grid and thermal conductivity
over a space is the source of an additional error. For the sake of analysis, we turn back from the simplified form of
presentation of finite-difference equations (4) to the complete form of writing of the integro-interpolation method [6]:

the first step

Ckρk 
Tk

n+1 ⁄ 2 − Tk
n

τ
 = Zk+1 ⁄ 2 (Tk

n
 − Tk+1

n ) + Zk−1 ⁄ 2 (Tk
n
 − Tk−1

n ) , (22a)

the second step

Ckρk 
Tk

n+1
 − Tk

n+1 ⁄ 2

τ
 = Zk+1 ⁄ 2 (Tk

n+1
 − Tk+1

n+1) + Zk−1 ⁄ 2 (Tk
n+1

 − Tk−1
n+1) , (22b)

where

Zk+1 ⁄ 2 = 
2

hxk 




hxk

λk
 + 

hxk+1

λk+1





 ;   Zk−1 ⁄ 2 = 
2

hxk 




hxk

λk
 + 

hxk−1

λk−1





 . 

Approximation of the second derivative on a nonuniform grid with a variable coefficient of heat conduction
generates the following expansion terms:
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The terms of the first, second, and third derivatives (23a)–(23c) are not zero on the nonuniform grid and with a vari-
able coefficient of heat conduction which causes an additional error of calculation. Using these expressions, we can
calculate the eliminable error
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The estimate of the uneliminable error takes on the form
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On the uniform grid and with a constant coefficient of heat conduction, expression (24) coincides with (16)
and (25) coincides with (18).

Results of Test Calculations. As an illustration, we calculated the temperature error at a finite instant of time
for the solution which describes evolution of the temperature field generalized by a point heat source (t0 and ξ are the
initial time and the coordinate of the point source):

Tan (x, t) = Q √ Cρ
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As the initial data T0(xk) for calculation of the heat-conduction equation we used the temperature calculated

by expression (26). The size of the field was taken such that the effect of boundary conditions was negligibly small
compared with the approximation error of the differential equation. The effect of the computer accuracy on the results
was estimated by comparing calculations with single and double precision; the discrepancies are negligible. To calcu-

late the noncontrollable error ∫
Ω
∫ δT∆Ψ(x, t)dtdx, we used the corresponding equation (the "conjugate second-order

equation" [8])
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All of this made it possible to distinguish the effect of the errors of approximation of the finite-difference
scheme against the background of other errors.

To solve the heat-conduction equation and the conjugate equations of both orders we used an implicit integro-
interpolation method realized by three-point factorization. The problem had 20–2000 cells over the space and 10–1000
steps over time. The thermal conductivity of the material is λ = 10−4 kW/(m⋅K) and the bulk heat capacity is Cρ =
500 kJ/(m3⋅K). The initial and final distributions of temperature are given in Fig. 1.

We calculated the error of solution Test at the central and several peripheral points at a finite instant of time.

The estimates of the computational error of temperature Test as a function of the space step are given in Table 1. The

time step is chosen to be rather small (0.1 sec) in order to provide the smallness of the error of time approximation

compared with the error of space discretization. The error caused by the time step did not exceed 2⋅10−5 and that due

to the error of approximation of the conjugate equation (∫
Ω
∫ δT∆Ψ(x, t)dtdx) was even smaller by several orders.

In Table 1, Tx
 corr = T − ∆Tx

 corr is the numerical solution verified by the conjugate equation. The comparison
of the deviation of the calculation T − Tan and the verified calculation Tx

 corr   − Tan from the analytical solution shows
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Fig. 1. Initial (1) and final (2) temperature distributions as a function of the
number of the node over the coordinate.

Fig. 2. Verified solution and range of errors compared with the result of the
numerical calculation and analytical solution: a) zone A of Fig. 1; b) zone B
of Fig. 1; 1) analytical solution; 2) numerical solution; 3) verified solution; 4)
lower limit; 5) upper limit (k, numbers of the nodes over the coordinate).

Fig. 3. Results of the numerical calculation of temperature, verified solution,
and the range of errors normalized to the analytical solution: 1) numerical so-
lution; 2) verified solution; 3) lower limit; 4) upper limit (k, numbers of the
nodes over the coordinate).
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that verification of the calculation by ∆Tx
corr (16) allows one to eliminate a considerable part of the approximation

error. Comparing the remaining error Tx
corr     − Tan and Tx

sup, we can note a reliable upper estimate (18) and the fact that
it is not too overestimated. We should also note the quadratic character of variation of the eliminable error ∆Tx

corr and
the cubic character of variation of the uneliminable error ∆Tx

sup as a function of the grid mesh.
Figure 2 presents a comparison of the analytical, numerical, and corrected solutions and also the range of the

error (h = 0.001 m, τ = 0.1 sec) at different points (Fig. 1, zones A and B). Figure 3 shows the numerical and veri-
fied solutions and the upper and lower limits of the verified solution; all parameters are normalized to the analytical
solution.

Table 2 gives the results of the estimation of the error caused by a 20% decrease of the grid mesh at 10 cen-
tral points. The nonuniformity of the grid resulted in an additional error which was partially compensated by the con-
jugate equations; nevertheless the resultant error increased. The steps of the calculation are h = 0.0001 m and τ = 0.1
sec.

Thus, the conjugate equations allow one to follow approximation errors on both uniform and nonuniform
grids.

Just so is the case with the effect of spatial nonuniformity of the coefficient of heat conduction on the accu-
racy of the solution. Table 3 gives the error due to variability of the coefficient of heat conduction (20% variation of
the coefficient at the center of the grid) compared to the eliminable and uneliminable errors of approximation. It is
seen that the effect of the variability of the coefficient of heat conduction on the accuracy of calculation is much
higher than the effect of the approximation error caused by the finite grid mesh.

Discussion. The analysis and numerical experiments showed that the main part of the computational error due
to the finite grid mesh can be compensated by use of the conjugate equations. In this case, the order of the accuracy
of calculation on the uniform grid increases by a unity. Numerical experiments indicate that the upper estimate of the
error holds, it is rather realistic, and, therefore, can be used in practical calculations.

Thus, this approach is close to a laboratory experiment from the point of view of estimation of systematic and
random errors and allows calculation of the error of not only a temperature written in the form of functional (6) but
also other functionals of temperature. The differences will be only in the form of the source in the conjugate equation
(8).

TABLE 3. Comparison of Errors for Constant and Variable Thermal Conductivities over the Coordinate

Thermal conductivity, λ ∆Tx
 corr, K ∆Tx

 sup, K

Constant 0.00735 0.00533

Variable over the coordinate 1.1 0.0513

TABLE 1. Estimates of the Computational Error of Temperature as a Function of the Spatial Grid Mesh

h, m T – Tan, K ∆Tx
 corr (16) Tx

 corr – Tan ∆Tx
 sup (18)

0.002 3.0607 2.719 0.341 6.3

0.001 0.772345 0.751934 0.0204 1.86

0.0008 0.494818 0.48683 0.0080 1.08

0.0004 0.123853 0.123579 2.74⋅10–4 0.163

0.0002 0.030948 0.031011 6.3⋅10–6 2.1⋅10–2

0.0001 0.007711 0.007760 4.9⋅10–5 2.7⋅10–3

TABLE 2. Comparison of Errors for Constant and Variable Grid Meshes over the Coordinate

Grid T – Tan ∆Tx
 corr Tx

 corr – Tan ∆Tx
 sup

Uniform, h = 0.0001 m 0.00732 0.00735 3⋅10–5 5.33⋅10–3

Nonuniform –0.023 –0.00917 0.008 0.456 
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With the precise conjugate temperature we can obtain an infinitely accurate solution. The limitation of this
method is the error of numerical approximation of conjugate temperature and the necessity of calculation of high-order
temperature derivatives, the existence of which can be ensured by Eq. (1). However, a wide class of problems (e.g.,
of those which correspond to initial conditions (26)) admits the existence of a larger number of derivatives; the nu-
merical experiments confirmed the possibility of their use for verification and estimation of the resultant error. With

the same order of approximation of direct and conjugate problems the order of the noncontrollable error (∫
Ω
∫ δT∆Ψ(x,

t)dtdx) is twice as high, which explains the small values obtained for this quantity in the numerical experiments. The
simplest way of determination of the latter is calculation of Eq. (27); however, for the schemes of the third and higher
orders of accuracy this error has an order higher than the order of estimations (16) and (18); therefore, it is hardly
worthwhile to control it.

Conclusions. The error of the finite-difference calculation of temperature at a certain coordinate-time point
can be decreased by solving the conjugate equation. The remaining error can be estimated from above by the conju-
gate temperature and the space and time steps of calculation.

NOTATION

C, heat capacity, kJ/(kg⋅K); h, spatial step of calculation; Nt, number of nodes of approximation over time;
Nx, number of nodes over the coordinate; t, time; tf, duration of the process; T, temperature, K; T0, initial temperature,
K; x, coordinate, m; X, specimen thickness, m; α, β, and γ, coefficients in the Taylor–Lagrange expansion; δ, Dirac
delta function; δT, terms of the Taylor series; ∆T, temperature increment; ∆Tx

corr, eliminable error due to expansion
over the coordinate; ∆Tt

corr, eliminable error due to expansion over time; ∆Tx
sup, upper estimate of the uneliminable

error due to expansion over the coordinate; ∆Tt
sup, upper estimate of the uneliminable error due to expansion over

time; ∆Tx,2
sup, upper estimate of the uneliminable error of second order due to expansion over the coordinate; ε, func-

tional; λ, thermal conductivity, kW/(m⋅K); ρ, density; kg/m3; τ, step of calculation over time; Ω, computational do-
main; Ψ, conjugate temperature. Sub- and superscripts: an, analytical solution; corr, eliminable error; est, estimated
point; exact, exact solution; k, number of the node over the coordinate; n, number of the node over time; sup, upper
estimate of the uneliminable error; x, component of the error due to expansion into the Taylor series in terms of the
coordinate; t, component of the error due to expansion into the Taylor series in terms of time; f, finite instant of time.
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